Optimal Selection of Intermediate Storage
Tank Capacity in a Periodic Batch/
Semicontinuous Process

Batch/semicontinuous chemical plants are usually designed either by assuming
infinite intermediate storage or by assuming that the units themselves act as storage
vessels, while the storage vessels are sized by rules of thumb or experience. In this
paper, the case of an intermediate storage vessel which links one upstream
batch/semicontinuous unit to one downstream batch/semicontinuous unit is an-
alyzed. The units are assumed to operate with fixed cycle times and capacities.
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Expressions for determining the minimum storage tank capacity necessary to de-
couple the two units are derived from a mathematical model of the periodic process.
Effects of the relative starting times of the two units on the required storage ca-
pacity are determined, thus suggesting the optimum process timings to minimize

the same. Application of the results is illustrated by an example.

SCOPE

Storage tanks often represent a sizable portion of a chemical
plant and serve a variety of purposes (Ross, 1973; Henley and
Hoshino, 1977). One primary use of intermediate storage tanks
is to act as surge vessels decoupling the upstream and down-
strcam units to maintain continuity of operation. They are
particularly useful in the case of multiproduct batch/semicon-
tinuous processes in which they are also used to free up any
expensive or time-consuming unit or to affect a change in
product sequencing. Generally, the storage tanks are sized by
experience or by a variety of rules of thumb, which obviously
may lead to the disadvantages associated with either too little
or too much storage. Batch/semicontinuous processes, whose
examples abound in the food, pharmaceutical, polymer and fine
chemicals processing industries, have been usually designed
either by assuming infinite intermediate storage or by assuming
that the units themselves act as their own storage vessels. In-
corporation of some rational ways of sizing intermediate storage
in these design procedures (e.g., Knopf et al., 1980) can definitely
lead to more efficient plant designs with lesser costs. Apart from
a few attempts, a systematic approach to this important problem
of the design of storage tanks is surprisingly absent in the lit-
erature.

Ross (1973) illustrated the use of Monte-Carlo simulation as
a tank-sizing method. Oi et al. (1977) considered the optimal
scheduling and sizing of intermediate storage in a waste treat-
ment system for periodically fluctuating flows from multiple

sources. Takamatsu et al. (1979) treated a case of storage inter-
mediate to one continuous unit and N parallel batch units and
analytically derived the relationship between minimum storage
tank capacities and optimal process timing of each batch unit.
Recently, Takamatsu et al. (1982) investigated the problem of
optimal design and operation of a single product batch process
with multiple batch stages and intermediate storage tanks. As
part of that analysis, they obtained results on the maximum
interstage storage for several cases of the serial batch-batch
configuration.

In this paper, we deal with the general case of a storage vessel
intermedidate to two batch-semicontinuous units which operate
periodically with fixed cycle times and batch sizes. First of all,
we derive a mathematical model of the periodic process. The
analysis is divided into two cases. We first consider the case in
which the inlet flow rate to the storage vessel is greater than or
equal to the outlet flow rate from the storage vessel. Then, we
consider the case in which opposite is true. For both cases, ex-
pressions for the maximum holdup in the storage vessel are
derived as a function of the delay time of the downstream unit
with respect to the upstream unit and other characteristic sizes,
flow rates and cycle times of the equipment. The differences
in dealing with various arrangements of the units are briefly
mentioned. Effects of the choice of delay time on the required
minimum storage capacity are also outlined. Finally, applica-
tion of the results is illustrated by an example.

CONCLUSIONS AND SIGNIFICANCE

The case of a storage vessel intermediate to two batch/sem-
icontinuous units which operate periodically with fixed batch
sizes and cycle times has been analyzed. Expressions for cal-
culating the minimum storage capacity necessary for decoupling
the upstream and downstream units to maintain the continuity
of the operation are presented.

In addition to the characteristic batch sizes, flow rates and
cycle times of the system, the difference between the initial
starting moments of the two units also affects the required tank
size. Tank size has been shown to be a piecewise linear and
periodic function of the above-mentioned time difference (delay
time), At its maximum and minimum values, this function has
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either a zero slope or a corner point, while at all its intermediate
values it either increases or decreases linearly with respect to
the delay time. Optimum delay time values which would min-
imize the required storage capacity have been suggested. There
is a range of values of delay time over which the operation can
be started without any initial holdup in the intermediate storage
vessel and such that the continuity of operation can be main-
tained, while for all other values of the delay time operation has
to be started with an initial inventory predicted by the equa-
tions. Apart from being able to calculate the tank size, one can
also determine the maximum holdup possible in an intermediate
storage vessel given the value of the delay time, and initial
holdup in the storage vessel or alternately choose a suitable
delay time to maintain the continuity of the operation given the
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initial holdup and the size of storage vessel. As shown, the ex-
pressions are applicable to any one-to-one arrangement of pe-
riodically operating batch/semicontinuous/continuous units
regardless of their order or type (e.g., batch-batch, batch-con-
tinuous, continuous-batch etc.), batch sizes, flow rates and
process timings.

This work is a step towards the achievement of more rational
ways of sizing intermediate storage vessels. It also gives a basis
for evaluating whether existing storage facilities have either too
little or too much storage. Allowance for uncertainties can be
added above the prescribed minimum capacity depending on
the situation. Moreover, the results can be very easily incorpo-
rated into existing procedures for designing batch/semicon-
tinuous processes which do not take into account the existence
of intermediate storage vessels either in the operation or in the

system cost. The undetermined variables such as batch sizes,
flow rates and cycle times can be suitably selected in an overall
optimization scheme of the whole plant. In addition, the existing
procedures for designing batch/semicontinuous processes do
not allow multiple batch sizes for a given product in a designed
plant. Introduction of intermediate storage vessels between the
processing stages allows the freedom to choose different batch
sizes for different subprocesses separated by intermediate
storage vessels. The results of this paper facilitate the sizing of
such intermediate storage vessels; hence such overall optimi-
zation with above-mentioned flexibility will lead to plant de-
signs with better percent utilization of the equipment, increased
throughput and reduced cost. In essence, the results are useful
both in the operation of existing plants and in the design of new
plants.

MATHEMATICAL MODEL OF THE PROCESS

Assumptions

In the process configuration shown in Figure 1, V, and Vg are
the batch sizes of two batch/semicontinuous units; V* is the size
of the intermediate storage vessel; and w; and ws are the cycletimes
of the two units. The underlying assumptions used in formulating
the mathematical model of the process are:

(1) Semicontinucus units process material in batches of fixed
sizes at constant rate. After processing a fixed amount of material,
they remain idle for a fixed interval of time and then resume op-
eration in a periodic manner.

(2) Batch units operate with fixed batch sizes and fixed cycle
times. Ope cycle of a batch unit consists of operations such as filling,
processing, emptying, and preparation and/or waiting.

(8) The productivities of both units are equal; i.e., Vi/w; =
Vg/ Wo.

(4) There exist least integers 8, and 8, such that 8, = B,ws.
Essentially, w; and ws can as an engineering approximation be
rounded off to a finite number of significant figures.

(5) The flow rates into and out of the intermediate storage vessel,
U} and U, respectively, are constant.

(6) The required size of the storage tank is equal to the maxi-
mum holdup in the tank.

Formulation
Define a capacity ratio, m, given by,
m=V,/Vy=w/wy 1)

The cycle time of a batch unit, w, is given by the expression, w =
T+ Tg + Te + T,. The cycle time of a semicontinuous unit, w,
is similarly given by, @ = Ts + T:. For batch units, we define
emptying and filling fractions, x; and x respectively, as follows,

23 = (Te)1/wrand x = (Tf)o/ w2 (2a,b)

For semicontinuous units, we define similar quantities which are
equivalent to processing fractions,

x1 = (Tsh/wyand x = (Ts)g/ws (2¢,d)
U
" ) Uy "
UNIT-1 STARAGE UNIT-2
BATCH/ VESSEL BATCH/
SEMICONT INUBUS SEMICONTINUGUS

Figure 1. Schematic diagram of the process.
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NOW, V] = Ul(Te)l and Vz = U2(Tf)2; therefore, V1 = U1x1w1
and Vy = Ugxws,. Defining the ratio of input and outlet flowrates,
1, to be,

r=U,/U, (3a)
we obtain, from the preceding relations,
X =x/r (3b)

If we select as the origin of time, the time when the storage tank
commences to be filled from Unit 1, the input and output functions
to and from the storage tank, Fy(t) and Foft) respectively, are given
as follows,

Ujw; <t Siw; + 210 . .

Fyt) =1 ) where i is an integer
Oiw), + n1wy <t <+ 1w
Ugjwg <t < 7§ Tw

Fyft) = [ 22 1% +, 2 ]where j is an integer
Ojwe + xwy <t < (] + l)wz

Next, we define the delaytime, ¢, as the difference between the
moment when Unit 1 commences being emptied for the first time
and the moment when Unit 2 commences being filled for the first
time.

The fractional delay time variable, y, is defined as,

y = to/ wg (4)

Since, Fo(t) has a period of wg, the range of y is 0 < y < 1. Finally,
the holdup in the intermediate storage vessel, V(¢), is described
by,
O py1) - Fatt = 19 ®)
¢

Our aim is to solve this first-order ordinary differential equation
with discontinuous righthand side to evaluate the maximum holdup
in the storage tank in terms of the fractional delay time variable
y and other variables such as batchsizes, capacity ratio, flow rates
and cycle times, subject to the condition that V(¢) = 0. Having the
solution, we also wish to find out the optimum value of the variable
y so that maximum holdup is minimized. We resort to the Fourier
Series (Tuma, 1979} as the tool for compactly expressing the dis-
continuous righthand side of Eq. 5.

The step function F(t), shown in Figure 2, which bas a period
wg, can be represented in the form of a Fourier series, as fol-
lows,

Vo Xg

Folt) =— + i 2Uo Sin n7xg cos 2nw (—t——— —)
Wy p=1 NT wo 2

where
Vo = Ugxowp

Representing both F(¢) and Fg(t — tg) via the above Fourier
series and using Assumption 3, Eqs. 3a and 4, we get,
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Folt)

+

Xo“)o wO
Figure 2. A typical flow rate function Fy(f).

@ 2U,
n-1 N

Fy(t) ~ Foft ~ tg) =
X tr Sin nzx, Cos 2nw (-t—-— ﬁ)

(O3] 2

t X
sin nwx cos 2nw (wz ] 2)] (6)

Integrating Eq. 5 once, we obtain,

Vit) = V(0) + It) (7
where, I(t) is defined as,
t
= " Fin) = Falr — to)dr ®)
Integrating both sides of Eq. 6
I(t)= U2 2 mr Sin2 nwx;
+ mr Sin n7wx; cos 2nw (—E— - il-)
W)
. . 13 x . . x
— Sinnwx Sin 2n7 (—— -y— 5) — Sin n7x Sin 2n7w (y + E)]
wg
2 Cos2nwz
}; i —|z|+z2 2] =1 (9)

Since, 0 < x; < 1, using Eq. 3b, Eq. 9 and the relation V = Ugxwg,
we obtain

o U
)2 m”2 2:,2 Sin? nwrx; = = (1-x)Vy (10)
n=1 N°T 2
Therefore, I(t) can be rewritten as,
Usws
I(t)=_2_(1"'x1 V2+ Z 22'71-2
X {mr Sin n7x, Cos 2nw (—t- - ﬂ)
W) 2
— Sin nmwx Cos 2nw (-t— -y E)
w2 2

— Sin norx Sin 2n7w (y + %)] (11)

From Egs. 11 and 7, we derive the following proposition.
Proposition 1. The holdup in the intermediate storage vessel,
V(t), is given by,

V()= V(0) + Tu —x)V3

= Usw
+ 3 22 ;[mr Sin n7x) Cos 2nw (L—ﬂ)
n=1MN Wy 2

— Sin nmx Cos 2nm (-—t— -y — E)
() 2

- Sin n7x Sin 2nw (y + %)]
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Note that since, Cosine has a period of 2, it follows from As-
sumption 4 that, V(t) = V(t + Bmw1) = V({t + §nwe). Therefore,
we can state the following proposition about the nature of V(¢).

Proposition I1. The holdup in the intermediate storage vessel,
V(t), is a periodic function with a period of 8,,w, which is also
equal to B,,wa.

Proposition II is very useful in evaluating the maximum holdup
since, it lets us to concentrate our attention only on the range, 0 <
t < Bmw,. For this purpose, we define the following quantities,

I(t) and Vge= min I(t)
0<t<fm@1

(12a,b)

Vimax = max
0<t<fmW1

From Eq. 7, it follows that
max V() =V(0) + Vipax
0st<fm@1
and
min V()= V(0) + Viin =
0=<t<fm®w1
holdup is infeasible. Hence, from Assumption 6,

0, since negative

V¥ = max V(t) = Vmax - Vmin (13)
0<t<fmW1
Hence, from Egs. 12a and 12b, we get,
Vor = max V+{(a) and Vpm= min V()
0<asfm—1 0<B<hm—1
(15a,b)

Using Eqs. 11, 14a and 14b, we can demonstrate the following
proposition. (For proof, see Appendix L)

Proposition I1la. The local maxima and the local minima of I(t)
for r = 1, are given by,

V¥a)=m(l —xy)Vy — i Usws Sinnmx
ne1 n2n2
x . x
X [Sin anw (ap + 0;—y— 5) + Sin 2n7 (y + E)]
and
V=(8) = U2 2 Sm nwx
292

X [Sin 2nmw (ﬁp -y - %) + Sin 2n7w (y + 3)]

respectively, where, p = 1/f,, and 6, is defined by the expression,
mx) = kp + 0y, such that 0 < 8, <p for an integer k.

We also can state (proof in Appendix II) the following important
proposition about the nature of V*(y).

Proposition IV. The size of the storage vessel, V*(y), is a periodic
function of y with period p.

Next, we proceed to develop the expressions for V ,q; and Vyyin
using Eqs. 15a and 15b. Here, we will present only the development
of expressions for Vo, The development of the expressions for
Vimax is very similar, hence only the main differences will be
pointed out.

EVALUATION OF V., AND V,,,

In this section, we will develop the expressions for V ., and V i
for the determination of the size of the storage vessel. We divide
this section into two parts. In the first subsection, we consider the
case in which U; = U or r 2 1, while in the next subsection we
consider the case in which U; < Ug or r < 1. Before proceeding
to these subsections, we state without proof a lemma which is a
direct consequence of the discrete nature of the derivative of V().
The function V(¢) for the example to be discussed later is shown
in Figure 6
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Lemma I. V(t) is a piecewise linear function with multipie op-
tima all of which are corner points.

Casel:r = 1.

For this case, since U} = Uy, it is easy to see that,

dv(t)

——=20, iw; <t <iw; + xjwy
dt
and
dvit) <o
dt
where i is any integer.
Let .05 and i be the times at which I(¢) takes on local max-
imum and local minimum values respectively. Since, we can re-
strict consideration to the domain 0 < ¢t < 3, w,, it can be shown

that,

iw) + nywy <t <({+ 1)wy

tmax = QW] + X1Wy 0fax= 6"1 -1 (143)

and

toin =Py 0 B<fBm—1 (14b)

where « and (3 are integer variables. Let V+(a) and V—(8) repre-
sent the values of these local maxima and local minima in I(t) re-
spectively.

First of all, we express V—(f3) of Proposition I1la in terms of co-
sine functions as follows,

2 Ugwe
V-(8) = —
) L nin?

— Cos 2nw(Bp — y) + Cos 2nwy ~ Cos 2n7w(x + y)]

[Cos2nw(fp —y — x)

This is an essential intermediate step because now we can use Eq.
9 to express the sum in a finite form. Next, we modify the argu-
ments of the first two terms by applying the transformation, x +
y = kip + y’ such that 0 < y’ <p for an integer ky. For V .y, we
apply the transformation, y = kgp + 0; + ¢’ such that 0 <y’ <p
for an integer ky. Now, §,,p = 1 and the fact that cosine has a pe-
riod 27 imply that (8 ~ k;)p can be equivalently represented by
B’p such that 0 < 3’ < 3, — 1. Therefore, we obtain

e Uswy
V-(8) = -
) ngl 2n2y2

~Cos (8p — ¢’ + x) + Cos 2nwy — Cos 2n7(x + y)]

[Cos2nm(f'p — y')

Subtracting 3,,p = 1 from the first two terms and denoting ({3’
= B.)p againby —fp, 0 < 8 < 8, — 1, we obtain,

V(B =— 21 2[7]122?2 [Cos2nm(Bp + y') — Cos (Bp + y’ — x)

+ Cos 2nmwy — Cos 2n7(x + y))

1f we restrict our attention to the range y < 1 — x, it can be seen
that the absolute values of all the arguments (exclusive of the factor
of 2n7) of the Cosine functions are less than or equal to unity.
Therefore, using Eq. 9, the above sum reduces to,

V=(8) =22 (Bp + v =)= |p + v x|

- 2xfp + 2xkip|

To obtain an expression for V i, we divide the range of 3 values,
0<B<fBm—1,intotwoparts: (1) Bp + ' —2 20, (2)Bp + ¢/
-—x <0

For these ranges, we have

V=(8) = Uswalkipx — Bpx), Bp + ¥ =22 0

V=(B) = Uswaly ' — (1 — kyp) + Bp(1 — x)],
Bp+y —x<0

It is clear from these expressions that V—(3) takes on minimum
values at 8 = 3, — 1 and 8 = 0 for the above two ranges, respec-
tively. We are required to choose the minimum of these two values
which are themselves minima in their respective ranges. One can
easily conclude that,
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Viin = Uswglpx —x(1 —kip)] ¢ 2 px
Vinin = Uswoly” — (1 —kip)l ¢ <px
We can derive similar expressions for the case y = 1 — %, since
Cos 2nm(x + y) can be written as Cos 2n [y — (1 — x)] and so Eq.
9 can again be applied. For y = 1 — x, we obtain the results,
Viin = Uswo~y" + px + (1 —x)(1 —kp)] ¢ 2 px
Vinin = Uswo(l — x)(1 — kyp) Yy Spx
These formulae and the corresponding results for V., can be
expressed in the more convenient form shown in Proposition V.

Proposition V. The expressions for Vi, and Vi, for r > 1,
are
a) Vmin = Ugwolz1 — 2(1 — kyp)}; ysl—x
Viin = Ugwo[~y" + 21 + (1 —x)(1 — kip)};

where, zy = min(y’,px] and y’ is defined by the expression, x + y
=kip + y’, such that 0 < ¢’ < p for an integer k;.

yz1l—x

b) Vimax =m(l —x1)Vge + Uswi|—22 + px + x(kzp =+ 51)];
y<l—x

Vmax = m(l — x21)Vy + Ugwi[—y’ — 22 + px
+ (= x)(X = kep — 61)};

where 22 = min[p — y’,px) and y’ is defined by the expression, y
= kop + 0; + y’ such that 0 <y’ < p for an integer k,.
Casell:r < 1.
The analysis for this case is similar in strategy to the previous case
but differs in some of the fine details.
In this case, since U; < Us, we can see that,
dvit)

— >0,
dt

yzl—x

to+ iwg + xwa Tt <tg+ (i + 1wy

and

dv(t)
— <0,
dt
where i is any integer.
Consequently,

to + twe <t <ty + iwg + xWe

tmax = to T awy 0fac= ﬁ,m -1 (16a)

and

tmin=to+ Bwe+xwe 0=<B=<fB,~-1 (16b)

where, o and B are integer variables.

Using Eqgs. 11, 16a and 16b, and following an argument similar
to that given in Appendix I, we can demonstrate the following
proposition.

Proposition I1Ib. The local maxima and the local minima of I(t)
for r <1, are given by,

Vi@ =21 - m)Vz + %(1 — )V,

ks @
+ :é_;l ;]2271'; [mr Sin nwxy Sin 2n7 (ap’ + % - %)

~ Sinnwx Sin 2n7 (y + %)]

V(@) =3 (L= x)Va - (L =)V

e Ugw .

+ > 2 2[mrSinn7rx151n2n‘rr
— 2.2
no1 0l

Bp’-{-ﬁ—g—ﬂ ~ Sin nwx Sin 2n7 y+£)
m 2 2

respectively, where p’ = 1/8..

One can prove Proposition IV for this case also by a proof similar
to the one given in Appendix 11, providing we recognize that m =
B/ Bm = p/p".
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The development of the expressions for V p;, and V 4 follows
the same logic as in the previous case. We have illustrated the
derivation for V., in Appendix 111 in detail. We merely state the
results in the following proposition which can be used in conjunc-
tion with Proposition V.

Proposition VI.

The results of proposition V are valid for r < 1, if the definitions
z) = min[ry’,px] and zg = min[r(p — y’),px] are used.

A few properties of the functions, V yq,(y) and V pin(y) are worth
noting and are summarized in the following lemmas.

Lemma II.

Vmax(y) and V i,(y) both are concave and piecewise linear
functions with minimum values at y = 0 and y = 1 and maximum
valuesaty =1 —x.

Lemma I11.

V min(y) has the maximum value of zero and also,

Vain=0 (Q-x)=-pl-x)<y=<(1-x)+ px,
Vin =0, (1—x)=p(l=—2)<y<(1-1x) r<l1
r=1

Typical plots of V4 (y) and V yin(y) are shown in Figures 3a
and 3b respectively.

Remarks

While these results were developed in terms of the homogeneous
batch/semicontinuous configurations, they are applicable to all
other equipment configurations. The only changes required are
changes in the interpretation of key variables.

1. In semicontinuous-semicontinuous arrangement, the fractions
x and x; are defined as x = (T’s)o/wg and x; = (Ts)1/w;. Uy and
U, are the fixed processing rates of semicontinuous units. V| and
V; are the amounts of material processed by Units 1 and 2 in their
respective fixed processing times.

2. For an upstream semicontinuous unit and downstream batch
unit, U, is the rate of processing of the semicontinuous unit while
U, is the rate of filling of the batch unit. The fractions x and x;
in this case are x = (Tf)g/wz and x; = (Ts)1/ w1,

If the upstream unit is a batch unit, U, is the rate of emptying
the batch unit and x and x; are, x = (Tg)s/ws and x; = (Te)1/
wj.

3. A continuous unit is but a special case of a semicontinuous unit
in which z or x;, depending upon the position (downstream or
upstream) of the continuous unit in the arrangement, has a value
of unity. In this case, w for both units is equal to the cycle time of
the noncontinuous equipment. Thus, m = 1, p = 1, and the volume
of the vessel will be independent of y.

RESULTS AND DISCUSSION

By redefining the variables z; and 23, we can condense the key
results of this work to the formulae shown in Table 1. These results
include two known special cases. In addition, we will summarize
a few key properties of the storage volume function V*(y) and will
show how these properties can be used to guide the selection of the
optimal delay time. The connection between our results and the
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formulae derived by Takamatsu et al. (1982) for the special cases
considered by the authors is outlined in Appendix IV,

Reduction to Special Cases

Consider the application of the results of Table 1 to the following
two cases for which the optimal solutions are known. The first case
is the degenerate one of w; = wy, U; = Ug and ty = 0, for which
no storage vessel is required. The second case is that of an inter-
mediate storage vessel linking one continuous unit with rate Uj to
one batch unit, which was considered by Takamatsu et al.
(1979).

As one would expect, if the two units form a subtrain, the ex-
pressions in Table 1 do predict that the storage vessel can be of zero
volume. It can be shown that 8,,, = 1, 8,, = 1; therefore, p = 1/8,,
=1. Asy =0, we have ks = —1 and ¢y’ = 1 — x. Consequently, z
= x and substitution in the expression for V . (y < 1 — x) leads
to Vipax = 0. Similarly it can be shown that V ;, = 0. Thus, we
confirm that no intermediate storage vessel is required.

Next, consider the case of a continuous unit followed by a batch
unit. As noted earlier, for an upstream continuous unit, x; = 1 and
w) = wy. Clearly, we havep =1,k = 1 and 6, = 0. Since, m = 1,
r =x or r < 1. Note that in the definition of y for V., ks = 0 and
y = y’. Thus, the definition of z, in Table 1 reduces to z5 = r{1 —

TABLE 1. RESULTS FOR THE CALCULATION OF V.. Vi, AND V*
Function Definitions Range Expression
y=kep+ 61 + ¢ m(l —x))Vy +
0y <p y<l-—zx Uswol—2g3 + px + x(kap + 61))
V max ks integer m(l — %)V +
z2 = min[(p — ¢"), r(p — v'), px] yzl-x Uswel—22 —¢' + px + (1 — 2)(1 — kgp — 61)]
s+y=kip+y
0<y<p y<l—x Uawslz; — x(1 — k1p))
V min k) integer
21 = min{y’,ry’,px] y=1—x Ugwolz1 — ¢ + (1 — x)(1 = kip))

Volumie of the storage vessel V* = V_4x ~ Vinin.
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y). Substituting into the expressions for V., in Table 1, we
have,

fory<1-—x
fory=1-x

Vmax = sz

Vmax = U2w2(1 - T)(l - y)
For Vin, wehavek; =0,y =x 4+ yandz; =r(x + y)fory <

1—xwhileky=1,y=x+y—landzy=r(x + y~1)fory =

1 — x. Substituting these into the expressions for V ;, in Table 1,

we have,

and

Vamin=yVe— (1 —x)Vy fory<1-—x
Vmia = Ugwp(l =r)1 —y)=(1 =)V  fory21-—x
ComHining the previous relations, we get,
V¥ =Viax™ Vinin = (1L —7)Vs for0 <y <1l

Therefore, the size of the required storage vessel is (1 ~ U /Ug)Vy
which is the result derived by Takamatsu et al. (1979). As expected,
the tank size required is independent of the delay time.

Properties of V*(y). We next state some important properties
of V*(y), the difference between V ,,(y) and Vpmin(y). Since,
V max(y) and V ,;.(y) are piecewise linear functions (Lemma II),
the following lemma is an obvious consequence of Proposition
Iv.

Lemma IV. V*(y) is a piecewise linear and periodic function.
From the definition of V*(y), it is clear that in general we have to
superimpose the variations of Vi, and Vi, to evaluate V*(y).
However, Lemma 11 is useful in the development of V*(y), be-
cause in the ranges given in Lemma III V*(y) = V..(y) and
V min(y) can itself be readily constructed. However, for the case r
<1, V min(y) should be included in caleulating V*(y) for the range
(1—x)<y =(1—x)+pxy,since Vyin(y) = ~Uswe(l —r)(x +
y — 1) in this range. If we include this additional portion in the
ranges of Lemma III, we get,

(I=2)—-p(l—x)<y<(Q1-—2)+px forr=1 (17a)

I-x)—pl—-x)<y=<{A—x)+px; forr<1l (17b)

as the ranges of length p. This is useful, since once we construct
V*(y) in these ranges, we also get the whole profile of V*(y) due
to the periodicity of V*(y). Finally, because of the concave nature
of Vmax(y) (Lemma II), the following important result can be
stated.

Lemma V. V*(y) takes on its maximum valueaty =1 - x
ip, i integer, while it takes on its minimum valueaty = (1 — x) —
p(l—x)xipforr =2 landaty=(1 —2x)—p(l —x;) xipforr <
1.

Because of the piecewise linear nature of V*, it is possible to have
other values of y which would also correspond to extreme values
of V*. However, the usefulness of the values of y given in Lemma
V lies in the fact that we can readily calculate the extreme values
of V* at these points. The nature of V ,,,(y) in the ranges of Eqs.
17a and 17b also reflects the following properties of V*(y).

Lemma VI.  Except at the corner points, the slope of V*(y)
takes on one of only the three values: 0 and + [min(z,1))Uzws.

1.100

Mm=.8, T=1,
X=.4

1.000 —
>(\.|
SN
*

.900

.800 — T
0.000 .200 K 00 1.000

T —T
00 .600 8
DELAY TIME VARIABLE Y

Figure 4. Tank size, V*, as a function of delay time.
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Figure 5. Input and output functions of the storage vessel for y > 1 — x.

Moreover, V*(y) either represents a corner point or has a zero slope
when V*(y) is at its extreme values while it has a nonzero slope at
its intermediate values,

A typical plot of V*(y) illustrating this structure is shown in
Figure 4.

Choice of Delay Time

Given these observations of the behavior of V*{y), a suitable or
an optimal value of the delay time can readily be selected. First
of all, the ranges on y and r given in Lemma III over which V ,,;,
= 0 are appropriate to use when the operation is started with an
empty storage vessel. With this choice of y the continuity of op-
eration will not be disturbed due to overflowing or exhaustion of
stored material. For all other choices of y, outside of the ranges
given in Lemma III, the operation will need to be started with some
initial inventory given by V(0) = —V ;.. Therefore, for operation
with no initial inventory the choice of y = (1 — x) — p(1 — x) for
r=lory =(1~x)—p(l —x;) for r < 1 is optimal because it will
require minimum V¥,

By studying the behavior of V*(y) in the ranges of Lemma III,
one can find out other values of y in the same ranges which will also
require minimum V*. These other values will be in the neigh-
bourhood of either of the ends of these ranges. Alternately, for a
given size of storage vessel and its initial inventory, one can find
out a suitable value of y so that the vessel will not overflow or run
out of stored material. This can be done by choosing a y such that
the following are satisfied.

VO + Vinax V¥ and V(O + Vipin 20 (18a,b)

It is obvious that one can also estimate the maximum and the
minimum hold up possible in a given tank, if the operation is started
with a given value of y and V(0).

One very important additional fact to be noted is that when a
periodic operation is started, it is advisable to choose y such that
y <1 —x. This is because when y > 1 ~ x, the firstcycle (0 < ¢ <
Bmw1) is not completely periodic because, as shown in Figure 5,
the shaded portion of the operation is missing when the two units
are started for the first time. The effect of this incompleteness will
be that the holdup in the storage vessel will be increased uniformly
by an amount Usws[y — (1 — x)]. If this amount can be somehow
removed from the vessel in its first cycle, then the operation will
experience no effect due to y > 1 — x. Because of the nature of
Vmax(t) and Vyin(y) as given by Lemma II, there are two values
of y which give the same values of V., and V4, i.e., one with
y < 1 — x and the other with y = 1 — x; since the choice of y > 1
— x does not offer any particular advantage, it is advisable to have
y<1l-x

Extension

Several other interesting cases can also be represented within
the framework of the present analysis. For instance, there are
processes in which apart from the main streams, i.e., those to and
from the linked units, there are extraneous inputs and outputs to
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and from the storage vessel. The present analysis can be applied
to this case, if all the inputs and outputs to and from the storage
vessel occur simultaneously with their respective main streams and
last for exactly the same durations as those of their respective main
streams. Thus, one can write, aV/w) = bVy/wgand m =aV,/bV,
= w/wq, where a and b are the correction factors applied to the
main streams to account for the extraneous inputs and outputs.
Here, V| and V5 as used in the results will be replaced by aV; and
bV, and similarly U, and U, in the analysis will be replaced by aU,
and bU, respectively.

If N\ parallel, identical upstream units are emptied simulta-
neously and N parallel, identical downstream units are filled si-
multaneously, then the present analysis can be applied with the
modifications: Vl = N]Ul, Vz = szvz, U1 = Nlul and U2 =
pdzilz.

For a stage with N parallel units emptied immediately one after
another with the same rate and the whole stage operated in a pe-
riodic manner, if T, is the time for emptying one unit, then the
cycle time of the stage will be N(T,) or the cycle time of one unit,
whichever is greater. If N(T,) is greater than the cycle time of one
unit, the stage is equivalent to a continuous unit while in the other
case it is equivalent to a batch unit with capacity Nv, cycle time
w, emptying time N(T,) and output flow rate u. A stage being
filled can also be treated similarly.

In brief, if input and output patterns of an intermediate storage
vessel can be structured to resemble the functional forms of F(t)
and Fy(t) in a periodic operation, one can use our results for analysis
of such a system. As an example, one can easily apply the present
analysis in the case of a storage tank which receives input period-
ically from trucks of a fixed size and from which material is
withdrawn periodically in batches of fixed size for processing.

EXAMPLE

An intermediate storage vessel acts as a surge vessel between one
upstream batch unit and one downstream semicontinuous unit.
Calculate the maximum and minimum values of the minimum
storage capacity required. If the initial inventory in the storage
vessel is 400 L and the storage vessel has a capacity of 6,800 L,
choose a suitable timing of the operation to maintain continuous
processing.

Upstream Batch Unit. V, = 8,000 L, (Tf); =2.5h, (Tg)1 =175
h, (Teh =25h, (Tp)1 =0.0h, w, = 125h

Downstream Semicontinuous Unit. Vo = 3,200 L, (Ts)s = 8.75
h,(Ti)e = 1.25h, wg =5h.

From the above data, m = 2.5, x; = 0.2, x = 0.75, mx; = 0.5 and
r = 8.75. The smallest integer which when multiplied by m gives
an integer is 8,,, = 2; hence, p = 1/(3,, = 0.5, px = 0.375 and p(1
— x) = 0.125. Subtracting the integral multiples of p from mx,, we
get, 6, = 0.0. Since, r > 1, we know from Lemma V that the min-
imum and the maximum of V* occuraty = (1 —x) — p(1 —x)and
aty = 1 — x respectively.

Minimum Tank Size and Maximum Tank Size

Asy =(1—x)—p(l —x)=0125 V* =V ., from Lemma III.
For Vpax, y - kop + 01 + y’ (Table 1); therefore, subtracting the
integral multiples of p from y — 6; = 0.125, we have ky = 0, ¢’ =
0.125 and p — y’ = 0.375. Since r > 1 and p — y’ = px, 22 = px
from Table 1. Substituting these values in the expression for V ..(y
< 1 — x), we obtain minimum tank size = 6,400 L. For maximum
tank size, we have y = 1 — x = 0.25, ko = 0, y’ = 0.25 and hence
z3 = p — y’. After substitution, we obtain, maximum tank size =
6,934 L.

Choice of y for Continuity
As discussed earlier, we need to satisfy Egs. 18a,bi.e.

Vo) + Venax < 6,800 and V(0) + Vi 2 0
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Figure 6. Variation of holdup in the storage vessel for y = 0,125.

therefore, V . < 6,400 and V i, = —400. From previous calcu-
lations for minimum tank size and Lemma II, we can easily see
that, V., < 6,400, if y < 0.125. Now, Vi, = Oat y = 0.125. From
Table 1, one can show that V ;, will decrease at a rate of —Uswy
for 0.125 — p(1 — x) < y < 0.125. Therefore, V iy = —400aty =
0.09375 and from Lemma II, it is clear that V ,;, = —400, if y =
0.09375. Hence, the desired range of y is 0.09375 <y < 0.125, i.e.,
if the delay time to ¢ is chosen in the range 0.469 h < to < 0.625
h, continuity of operation can be maintained. The variation of the
holdup volume for y = 0.125 is shown in Figure 6.
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NOTATION

a = correction factor applied to V to take into account the
extraneous inputs to the storage vessel

= correction factor applied to Vg to take into account the
extraneous outputs from the storage vessel

= function illustrated in Figure 2

input function to the storage vessel

output function from the storage vessel

an integer

integral defined by Eq. 8

an integer

an integer

integer used in the definition of y’ for V y;, (Table 1)

integer used in the definition of y’ for V ,, (Table 1)

capacity ratio defined by Eq. 1

integer variable used in series summation

number of parallel units in a stage

p period of V*(y) defined asp = 1/,

p’ = defined as 1/8,,

r = ratio of input rate and output rate, to and from the
storage vessel, Egs. 3a and 3b

o
I

- -
S
=N
~
s

LI O T T O A O [ A

t = time

t max = time representing a local maximum in I(t)

t min = time representing a local minimum in I(¢)

to = the difference between the moment when Unit 2 starts

getting filled for the first time from the storage vessel
and the moment when the storage vessel starts getting
filled for the first time from Unit 1

T, = time required to empty a batch unit

T = time required to fill a batch unit

T; = shutdown time for a semicontinuous unit

T, = preparation time and waiting time for a batch unit
Tg = processing time of a batch unit

Ts = processing time for a semicontinuous unit

u = rate of input or output, to or from an individual unit

within a stage of N parallel identical units
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U = rate of input or output, to or from, the storage vessel

Up = value of the function F(t) in Figure 2

v = the capacity of an individual unit within a stage of N
parallel, identical units

V(t) = holdup in the storage vessel

Vmax = maximum value of 1(t)

Vmin = minimum value of I(¢)

Vo = area under the curve for one cycle of Fy(t) in Figure
2

Vi = batch size for the upstream unit

Vy = batch size for the downstream unit

\% = minimum size of the storage vessel required to decouple

the upstream and the downstream units

V+(a) = represents a local maximum in I{t)

V—(8) = represents a local minimum in I(t)

x = filling fraction for the downstream batch unit while
processing fraction for the downstream semicontinuous
unit

E = fraction defined for Fo(t) in Figure 2

X1 = emptying fraction for the upstream batch unit while
processing fraction for the upstream semicontinuous
unit

y = fractional delay time variable, £/ ws

y = a variable defined for the calculation of V ., and V i
in Table 1

z = a variable

21 = a variable defined for the calculation of V ;,

F73 = a variable defined for the calculation of V

Greek Letters

a = an integer variable used for V .y

g =an mteger variable used for V

Bm = minimum integer which when multiplied by m nges
an integer value

B = defined by equation 8w, = Bws

g = a dummy integer variable

w = cycletime of a unit

wo = cycletime of F(t) in Figure 2

6, = defined by equation mx; = kp + 9, such that 0 < §,
< p for an integer k

T = 3 dummy variable

Subscripts

1 refers to the upstream unit

nn

2 refers to the downstream unit

Mathematical Symbols

min|{ ] = minimum of the quantities within the bracket
| | = absolute value

APPENDIX I: PROOF OF PROPOSITION llla

Substituting ¢ = tmay from Eq. 14a in Eq. 13 and using Eq. 12,
we get,

= Uswy .
VH{a)=m{l —x)Va— 2 : ;Smmrx
n=1 N°T

x i x
X [Sin onm (moz + mx;— Yy — E) + Sin 2n7 (y + E)]
Now, mx; can be written as, mx; =kp + 6 suchthat0 < 6, <p

for an integer k. Since m = 3,/ Bm, ma = B ap. From preceding
relations, we get,

VH(a)=m(l —x;)Vy — Z U; 2 Sin nrx
n=17 7T
, x . x
X |Sin 2n7 [(Bna + k)p + 61—y — El + Sin 2nw (y + -2-)]
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We have restricted a such that 0 < a < §,,, — 1. As « takes 5,
unique values, (G, + k) also takes B, unique values, therefore
(Bma + k) can always be represented as, 8, + k =48, + &’ such
that 0 < o’ < 8., — 1 for an integer 1. Since the Sine function has

a period of 2w, substituting the prevxous relation in V+(«) and
denotmg the dummy integer variable o’ again as ¢, we obtain the
result for V*(x) in proposition II1a. Result for V—(8) can be derived
by following a similar procedure.

APPENDIX Ii: PROOF OF PROPOSITION IV

vV=(B) 0<afB=<fnm-1

There are B, values of o and 3 each, so V**(cv,8) can take on 8%,
values. From Egs. 13 and 15a,b,

Define V¥*(a,8) = V¥(a) —

V* = max V+(a) — min V=(8) = max V**(o,3) (Al)
@ i} B
From Proposition 1ila,
V** s = m(l —x1)V; ; Sm nwx

2

Let us consider two valuesof y, y =y}, and y =y, = y; + p. De-
note the corresponding values of V**(«,3) by subscripts 1 and 2
respectively. But for arbltrary mtegers a=iandfB=70<ij<
Brm — 1, we have V1'(i,§) = V3'(i’,j’) where, i’ =i + 1 and j/ = j
+ 1. Here, the symbol = 1nd1cates thati +1and j + 1 be reduced
to the range 0 < i',j’ < $3,, — 1 by subtracting an integral multiple
of B, if required.

Since, our choice of i and § was arbitrary, we can conclude that
for any given integersi,j; 0 < i ] < Bm — 1; for V1'(a,B), we can
always choose mtegersz =i+1,j/=j+10<{§ < 6m —1;such
that Vi) = V3§ Therefore set of values of Ve, 6) and
V' (e, B) are same. Consequently, their maximum values are same
and hence from Eq. AL, V*|,=y, = V*[,=y, +p. Our choice of y
= y, was also arbitrary, so V*(y) is a periodic function with period
p.

X[Sin(ap+51 y-—-—) Sm2mr(/3p y—z)]

APPENDIX lii: PROOF OF PROPOSITION Vib
From Proposition I1Ib, expressing V*(«) in Cosine form,
VH(a)

m 1
2( x1)2+2(1 x1)Vy

Uz(.l)z
n=} on 27('2

[mr Cos2nm (ap’ + y_ xl)
m

— mr Cos 2n7w (ap + ) Cos 2nwy + Cos 2nw(x + y)]
m

Adding and subtracting x; from the second cosine term,

1
VHa) = %u ~m)Vg + S (1 -2V

+ 5

[mr Cos 2nm (oep’ + L xl)
n=12n m

~mr Cos 2nm (ap’ + % —-x + xl)

— Cos 2nmy + Cos 2nw(x + y)]

Now, mx; = kp + 6, andm = /8 =p/p’; hence, x1 =kp’ +
81/m. Substituting for x; and merging kp’ into ap’ as done in
previous appendix, we get,
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1
VHa) =‘1g'(1 —x1)Vy + 5(1 ~x)Vg

= Ugwy
n=12n2w?

+

-8
{mr Cos 2nw (ap’ + y———l)
m

-0
—mr Cos 2nm (ap’ + 4 - Ly xl)

—Cos2n7y + Cos2nw(x + y)}

Applying the transformation y = ksp + 8; + ¢’ and merging kqp
with ap, we obtain,

1
VHa) = ’gu =8V + 5 (1=,

+ i Ustws mr Cos 2nm (ozp' + ET;)

no) 20272

y!

—~mr Cos 2nw Jap’ + = — (1 — xl)]
m

~ Cos 2nmy + Cos 2nw(x + y)]

Since, 0 <y'/m<p’and0<axF,~1Lap +y/m<1soit
is clear that Eq. 9 can be applied using which for y < 1 — 1,
gives

Ugwy

V() =m(l = x)Vs + mr| ap’ + %—(1 — 5]

+ mr {ap’ + %-— (1- xl)’ —2xap + 2x(kop + 61)]

Dividing & values into two parts, ap” + y’'/m — (1 ~1,) = Oand
ap’ + y'/m — (1 — x;) <0, and proceeding in exactly the same
manner as in the text, we get the following expressions.

1 y<l-=x
Venax = (1 — 1)Va + Uswalx(kep + 1)1, y <p(l—-m)
Vimax = m(1 = 2V + Uswalrly” — p(1 — x1)] + x(kop + 61)),
y' 2p(l—x1)
2. y=z1l—x
Vmex =m{l — x2)Vs + Ugwolrly’ — p(l —2))] — ¢’
+ (1 =x)1 —kop — 6], ¥ 2p(l —xy)
Vmax = m(l - xI>V2 + U2w2[_y’ + (1 - x)(l - }C2p - 51)],
y’ < p(l —x1)
Defining 2o = min{r{(p — y’),px], we get the result in Proposition
VIb.

APPENDIX IV: REDUCTION TO RESULTS OF TAKAMATSU et
al. (1982}

Theorem 2 of Takamatsu et al. (1982), states that for the case U;
> Uy, V(0) =0, and V i, = 0, the delay time of (1 — P/U)(M —
1)GCM (w;,ws) yields the minimum tank size for the batch-batch
configuration. Moreover, for U; = Uy, that tank size is given by

V* = {trunc (Q) + min [mod (Q,1 - U/P,1];- GCM(VI,V.(Z) 2

A

where Q = (1 — P/UYM + N-2),N=V/GCM(V,Vy)
M =V,3/GCM(V,V,) and P is the rate of production.
In our notation, M = Bm, N = B, and P — Ugx = Ujx).
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Lemmas 111 and 1V immediately yield the aforementioned value
of the delay time, namely,

y=0-z{1-p)

For the case r = 1 and V j, = 0, Table 1 prescribes the tank
size

V*=[m(l —x) + y—y V2 fory’ <p(l-x) (A3)
and

V*=1m{l —x) + y+ (1 =x)y ' p)/x]Vs
fory’ >p(l —x) (A4)

Usingy =(1—x}1 —p)=kop + & + ¢’ andmx =kp + &5,
it can readily be shown that

Q=(e—k+ 8 ~1)+ (Bny + x)
In addition, for y” < p(1 — x) it follows that
Bmy’ +x<1
Trunc(Q) =k —k + B —1
and
mod (Q,1) ~ By’ + %
while for y > p(1 — %), it similarly follows that
By’ +x21
Trunc(Q) = ke —k + B,
and
mod(Q, 1) =By’ + x— 1

Substituting these results into eq. A2, one readily obtains Egs.
A3 and A4. Thus, the results of Takamatsu et al. (1982), obtained
using a different approach, are consistent with the results of Table
1.
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